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ABSTRACT

An initial theoretical attempt to explain the observed decrease of the polytropic/adiabatic index γ in
the solar corona has been accomplished. The chemical reactions of the ionization-recombination pro-
cesses in local thermodynamic equilibrium (LTE) of a solar plasma cocktail containing heavy elements
are found to cause 1.1 < γ ≤ 5/3 in the quiet solar atmosphere. It is also shown that the quiet solar
atmosphere is in LTE justifying this theoretical study. This result is obtained by numerically solving
the Saha equation and subsequently using a newly derived equation for calculation of the polytropic
index from thermodynamic partial derivatives of the enthalpy and pressure with respect to density and
temperature. In addition, a comparison between calculated in this way polytropic index and measured
from spectroscopic observations of propagating slow magneto-hydrodynamics (MHD) waves in coronal
loops shows that LTE ionization accounts for very small part of the observed decrease of γ meaning
that the solar plasma in the active region is not in LTE as expected. However, the observed dependency
of higher polytropic index at higher temperatures is confirmed by the current theoretical approach. It
is concluded that to account for the polytropic index decrease in the active regions of the solar corona,
it is necessary kinetic non-LTE ionization calculations to be performed.

1. INTRODUCTION

Recent observations of magneto-hydrodynamic
(MHD) waves propagating in the solar corona have been
used to determine the polytropic (or adiabatic) index γ
of the solar coronal plasma. The obtained values from
several measurements vary between 1 and the mono-
atomic value of the polytropic index γa ≡ 5/3 (Doors-
selaere et al. 2011; Wang et al. 2015; Prasad et al. 2018;
Vashalomidze et al. 2019). Previous observations of the
solar wind far from the Sun also show similar deviations
of γ from its mono-atomic value (Totten et al. 1995;
Basu & Mandel 2004). Moreover, data from observa-
tions of magnetic field fluctuations in umbral flashes
leads to measurement of the polytropic index via the
magnetic pressure (Houston et al. 2018) which makes at
least 2 recently devised methods for the determination
of γ.
The knowledge of its value is of high physical inter-

est and it’s been researched for over 50 years (Petrie
et al. 2007). This research actively continues as observed
data of the solar wind from Parker Solar Probe (Nico-
laou et al. 2023), Ulyssess (Nicolaou et al. 2020),
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Wind (Dayeh & Livadiotis 2022), ACE (Jacobs & Poedts
2011), Cluster (Pang et al. 2022) spacecrafts are used to
determine the polytropic index. Knowing the nature of
the deviations of the polytropic index and the physical
processes causing it is a significant step forward in the
study of the thermodynamics and energy balance of not
only the solar and stellar atmospheric plasma, but also
for cold proto-stellar molecular clouds (Donkov et al.
2021). This step allows better understanding of the nu-
merous physical phenomena occurring in astrophysical
plasmas, MHD wave propagation and damping, heating
and cooling processes both in quiet, eruptive or turbu-
lent cases (Livadiotis & McComas 2023).
The main goal of the presented study in this work is

to theoretically explain the measured deviation of γ for
the solar plasma and provide a reliable means for its
numerical calculation from known mass density ρ and
temperature T ≡ k

B
T ′, where T is energy units, k

B
is

the Boltzmann constant and T ′ is the temperature in de-
grees. Similar deviation of γ has been recently found to
be caused by the ionization-recombination processes by
Mishonov et al. (2021a); Mishonov et al. (2021b), where
an analytical formula in terms of the ionization degree
for pure hydrogen (H) plasma has already been derived
from the Saha ionization equation (Saha 1921; Landau
& Lifshitz 1980) in local thermodynamic equilibrium
(LTE). Here follows the continuation of this study where

ar
X

iv
:2

31
2.

14
75

9v
1 

 [
as

tr
o-

ph
.S

R
] 

 2
2 

D
ec

 2
02

3

http://orcid.org/0000-0001-5394-3027
http://orcid.org/0000-0002-6945-9632
mailto: mishonov@gmail.com
songyongliang




2

helium (He) and heavy elements have been included in
the Saha equation. Equations for numerical calculation
of the ionization degree and the polytropic index γ are
derived and used for comparison with the available mea-
surements.
Summarizing all of the above, the described in this

paper approach studies the variations of the adiabatic
polytropic index only due to the simplest chemical reac-
tions ionization and recombination via the Saha equa-
tion of the 10 most abundant chemical elements in the
Solar atmosphere. These ionization-recombination pro-
cesses in LTE lead to variations of the enthalpy and
pressure resulting in deviations of γ from 5/3. Mass
density ρ and temperature T are assumed to be known
and are starting parameters for the calculations while
heating is taken to be zero.
Similar study has been performed by Baturin et al.

(2022) for the solar interior again solving the Saha equa-
tion. An excellent comparison between both methods
for the solution of the Saha equation shows that the de-
scribed here results can also be used within the interior
of the Sun. However, the focus of this study remains the
solar atmosphere and the available observed and mea-
sured parameters there.

2. THE SAHA EQUATION FOR CHEMICAL
EQUILIBRIUM

Following Landau & Lifshitz (1980, Eqs. (101.1)–
(101.4)), the Saha equation can be written as

ri,a =
gi,a ge
gi−1,a

ns,i,a

ne
ri−1,a, (1)

ns,i,a ≡ nq exp(−Ii,a/T ), nq ≡
(

mT

2πℏ2

)3/2

,

where ri,a are relative concentrations of each ion n of
each chemical element a in the cocktail, index i =
0, . . . , Za denotes ionization level and index a denotes
chemical element. The ionization energy is Ii,a where
I0,a = 0 since i = 0 denotes the atoms (0-th ioniza-
tion level), gi,a is the statistical weight of the atoms and
ions, ge is the electron statistical weight, ne is the elec-
tron density, m is the electron mass and ℏ is the Planck
constant. The relative concentrations for each chemical
element are all normalized

ra =

Za∑
i=0

ri,a, ri,a =
ri,a
ra

, i = 0, . . . , Za.

so that

Za∑
i=0

ri,a = 1.

The following additional notions need to be introduced

ne = nρ Ne, Ne =
∑
a

aaνa, νa =

Za∑
i=1

i ri, a, (2)

Natom =
∑
a

aa, Ne =
∑
a

aa

Za∑
i=1

i ri,a. (3)

Ntot = Natom +Ne, ntot = (Ne +Natom)nρ, (4)

nρ = ρ/M∗, M∗ =
∑
a

aaMa, ⟨M⟩ ≡ M∗/Ntot, (5)

where aa is the abundance of each chemical element,
nρ is the density of all atoms and ions or all parti-
cles with mass, here the electron mass is neglected since
m/M ≈ 1/1836, M is the proton mass and ntot is the
total density of all particles. Ntot, Natom, Ne are re-
spectively the number of total, atoms and ions, electrons
per unit density, while νa is the number of electrons the
chemical element a has given to the cocktail per unit
density. One can think of labeling the electrons and
then νa is the number of electrons per unit density with
label a.

3. EQUATION FOR CALCULATION OF THE
POLYTROPIC INDEX

The calculated densities of the plasma atoms, ions and
electrons allows the calculation of the enthalpy per unit
mass

w =
1

M∗

∑
a

aa [cp(1 + νa)T + ϵa] , (6)

ϵa ≡
Za∑
i=1

i ri,aJi,a, Ji,a ≡
i∑

m=1

Im,a

and pressure

p = ntotT = nρNtotT. (7)

For the internal energy per unit mass ε we have to sub-
stitute cp with cv. The partial derivatives of w and p
with respect to ρ and T participate in a newly derived
formula for the calculation of the polytropic index via
the Jacobian

J ≡∂(w, p)

∂(T, ρ)
=

(
∂w

∂T

)
ρ

(
∂p

∂ρ

)
T

−
(
∂w

∂ρ

)
T

(
∂p

∂T

)
ρ

, (8)

Cv ≡
(
∂w

∂T

)
ρ

− 1

ρ

(
∂p

∂T

)
ρ

, γ =
ρ

p
· J
Cv

. (9)

The derivation of the heat capacity per unit mass is
given in the Appendix Eq. (A3). For the limiting case
of an ideal gas without of chemical reactions meaning
ri,a = const

p = nρNtotT, w =
cpT

⟨M⟩
+ const, ρ = nρM

∗

ε =
cvT

⟨M⟩
+ const, Cv =

(
∂ε

∂T

)
ρ

=
cv
⟨M⟩

,
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the Jacobian Eq. (8)

J = cp
T

⟨M⟩2

and Eq. (9) gives the mono-atomic value for the poly-
tropic index

γ = cp/cv = 5/3 = γa (10)

where the relation denoting the Newtonian sound speed
c
N

p

ρ
=

ntot

M∗nρ
=

T

M∗/Ntot
=

T

⟨M⟩
= c2

N
(11)

has been used. The derivation of the equation for the
polytropic index Eq. (9) is given in Appendix A.
Few notes deserve to be included here. The equations

for enthalpy Eq. (6) and pressure Eq. (7) have only terms
related to the number of particles in the cocktail. And
the partial derivatives of w and p with respect to T and
ρ determine the value of γ in Eq. (9), meaning that the
ionization-recombination processes change the enthalpy
and the pressure which in turn lead to variations of the
adiabatic polytropic index with no heating.

3.1. Details about the Numerical Calculations

The Saha equation Eq. (1) is a transcendental one
since for calculation of the relative concentrations ri,a
it is necessary to know the electron density ne, while
at the same time these concentrations are used to cal-
culate ne from Eq. (2). As a mathematical problem
the Saha equation gives a system of non-linear equa-
tions that need to be solved with high accuracy. All
these variables are described by a single parameter –
the electron density ne. The whole iterative procedure
is distinctively shortened by using of a reliable numer-
ical method for extrapolation towards infinite amount
of iterations based on the Wynn identity (Wynn 1966).
This identity at the same time also gives an empirical
evaluation of the calculation error which is comparable
with the machine epsilon (Mishonov & Varonov 2020).
The successive iterations start with ρ and T as input
parameters, while the initial electron density is chosen
n0
e ∼ nρ. After calculation of the new electron density ne

with the Saha equation, n0
e = ne (new becomes old) and

again a new calculation is performed. This procedure is
repeated several times and with all obtained values for
ne a Wynn-epsilon algorithm for acceleration conver-
gence (Mishonov & Varonov 2020) is used to calculate
the final value. The algorithm has a reliable error calcu-
lation which is used for a decision whether the obtained
value of ne to be accepted or a new series of calculation
to be performed. All this allows the calculation of the
Saha equation to be performed on an ordinary personal
computer using FORTRAN. This of course is for the
present case of the ionization energies of the chemical el-
ements in the plasma cocktail only taken from Kramida
et al. (2022). For the inclusion of the electron transition

energies a much larger computing hardware would be
certainly necessary.

4. RESULTS AND DISCUSSION

The main goal of this study is to explain obtained
data of electron density ne and polytropic index γ in
the inner Solar atmosphere. This data is a result of
observations of both quiet solar atmosphere and active
loop regions. The chemical elements included in this
calculation are 10: H, He, O, C, N, Ne, Mg, Si, Fe, S
with their abundances aa taken from (Avrett & Loeser
2008, Table 2) and as mentioned earlier, their ionization
levels from Kramida et al. (2022). A starting value of
r0,a = 10−64 is chosen due to nq becoming extremely
large for higher temperatures.

4.1. Quiet Solar Atmosphere

The basis of the results in the quiet solar atmosphere is
the semi-empirical model quiet-Sun model by Avrett &
Loeser (2008, Model C7, Table 26) (AL08). This model
is a result optically thick non-LTE radiative transfer cal-
culations H, C, O and other chemical elements lines and
continua of taken from the SUMER atlas (Curdt, W.
et al. 2001) and the atlas from HRTS by Brekke (1993).
It is a height dependent one-dimensional profile shown
in Fig. 1 top with h = 0 denoting the solar photosphere
and where the following most relevant parameters are
shown: T ′ is temperature in Kelvins, nρ is total hy-
drogen density, which is different from the already in-
troduced mass particles density and ne the density of
electrons with × and named AL08. Alongside the pro-
file parameters, the numerical calculation of ne with the
Saha equation Eq. (1) using nρ and T ′ from AL08 is also
shown with •. Below the profile, the relative contribu-
tions of some of the chemical elements in the cocktail to
ne is shown. These contributions are normalized so that
Ne = 1 to alleviate the current analysis. The juxtapo-
sition of both top and below graphs helps to determine
where the largest deviation between ne from AL08 and
the Saha equation is. It occurs at approximately the
same position as the C and S (not shown here) ioniza-
tion contribution maximums just below the solar tran-
sition region (TR). This is a clue that some C and S
transition lines need to be included for better correla-
tion. The contribution of all chemical elements to the
ionization is described in App. B.
Another interesting discovery is the domination of the

Mg, Fe and Si in the ionization of the upper solar chro-
mosphere. Actually this is to be expected since these
elements way more easily than H give 1-2 electrons and
in the local temperature minimum where H is so weakly
ionized that these 3 much less abundant chemical ele-
ments determine the ionization of this region of the solar
chromosphere.
The log-log graph of both AL08 and Saha in ne Fig. 1

(top) shows excellent correlation between them and its
linear regression of this correlation is shown in Fig. 2.
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Figure 1. Top: height profile of the quiet solar atmosphere

by Avrett & Loeser (2008, Model C7, Table 26) with T ′,

total hydrogen density nρ, ne AL08 (×), together with ne

calculated from Eq. (1) Saha (•). Below: the relative contri-

butions of some of the chemical elements in the cocktail to ne

divided by Ne. The agreement between the semi-empirical

non-LTE model and the theoretical LTE Saha calculation is

remarkable and its correlation is shown in Fig. 2. The only

visible deviation between semi-empirical and theoretical val-

ues is at the maximum C and S (not shown here for brevity)

contribution to ne, pointing that most probably more lines

from these elements need to be included.

The deviation between both electron density profiles in
Fig. 1 is also clearly seen here in the dispersing points
from the regression line. This deviation leads to less to
a slope of 1.0184, less than 2% larger than 1 with 0.995
correlation coefficient. One can hardly ask for a better
correlation in astrophysics where the remote observa-
tions and their subsequent processing are difficult and
consume lots of time and resources. A scientist’s access
to the space lab is more remote than could ever be, the
true definition of work from home.
After reliably obtaining ne, the enthalpy w Eq. (6),

the pressure p Eq. (7) and their partial derivatives are
calculated. Having all these, the Jacobian J Eq. (8) and
finally the polytropic index γ Eq. (9) are calculated. The
polytropic index for the AL08 profile is shown in Fig. 3.
The largest γ decrease down to ≈ 1.1 occurs approx-
imately at the distance where the H ionization starts
increasing, see Fig. 1. The following oscillations are cor-
related with the subsequent step-like increase of the He
ionization. At low heights γ ≈ 1.6 and starts increasing
with H ionization decreasing and in the dominant ion-
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Linear regression:
 slope = 1.0184
 intercept = -0.1381
 corr. coef. = 0.9951

Figure 2. Linear correlation between ne from AL08 (x axis)

and ne from the Saha equation Eq. (1) (y axis) shown in

Fig. 1 (top). The slope of the line = 1.0184 with a correlation

coefficient = 0.995 meaning that the difference between the

semi-empirical and theoretically calculated electron density

is < 2% with almost 3σ confidence level. The significant

correlation between observed the electron density and the

calculated by Saha equation reveals the local thermodynamic

equilibrium (LTE) is an acceptable initial approximation.
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Figure 3. The polytropic (adiabatic) index γ in the quiet

solar atmosphere according to the Avrett & Loeser (2008)

profile (solid line), dashed line denotes γa = 5/3. The values

for which γ ⪆ γa are artificial effects from the splicing of

the curve, no calculated value exceeds 5/3. Comparing with

Fig. 1 the large decrease of γ is due to the H ionization and

the oscillations right after it are due to the step-like ioniza-

tion of He. The deep minimum in the upper chromosphere is

related to the hydrogen ionization at almost neutral helium.

ization region of Mg, Fe and Si γ ≈ γa meaning that the
level of ionization of this region is very low. Farthest
from the Sun again γ ≈ γa but this time it is because
of the almost full ionization of all the elements, only Fe
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has succeeded in keeping its last 2s electrons (FeXXV).
This full ionization and Fe partial cause the gradual os-
cillations tending to 5/3. This boundary value is in full
agreement for the boundary case without chemical reac-
tions Eq. (10), the last 2 Fe ionization levels are ≈ 4×
larger than the one preceding them.
Unfortunately, the authors could not find any calcula-

tions based on spectroscopic measurements of the poly-
tropic index for the quiet Sun. Hope this work to in-
spire astrophysicists to perform such measurements or
at least obtain estimates for the quiet solar atmosphere.
It seems for now the interesting phenomena are within
the active regions and comparison with measurements
of γ in loops follows next.

4.2. Active Loop Regions

The only available obtained data for γ in the solar
atmosphere that could be found are from spectroscopic
measurements of coronal loops. First such observation
by Doorsselaere et al. (2011) measured equilibrium T ′ =
1.7 MK and ne = 1.7 × 1015 m−3 and obtaining γ =
1.10 ± 0.02. Followed by Wang et al. (2015, Figs. 4
and 5) with 1 measurement T ′ = 8.7 MK and ne =
2.6× 109 cm−3 giving γ = 1.64± 0.08 and after removal
of the slowly varying trend T ′ = 12.6 MK and ne =
2.7 × 109 cm−3 giving γ = 1.66 ± 0.09. A systematic
study of several loops and more than 30 obtained values
for the polytropic index was made by Prasad et al. (2018,
Table 1) based on measurements of T ′ and nρ. And
finally Vashalomidze et al. (2019) during solar coronal
rain measured T ′ ≈ 2−4 MK and ne ≈ 1.35×109 cm−3

and obtaining γ = 1.30± 0.06. At the onset of the rain
γ = 2.11 ± 0.11 which falls outside the scope of this
study.
Having T and nρ or ne (nρ ≈ ne for starter) the adi-

abatic index γ can be easily calculated with the Saha
equation Eq. (1) and via the Jacobian Eq. (9). The
comparison of the obtained from spectroscopic measure-
ment results and the calculated from LTE are depicted
in Fig. 4. The observed γ varies between 1.0 and γa,
while the calculated γ between 1.664 and γa, the LTE
theoretical calculation accounts for very small decrease
of the polytropic index from the mono-atomic one. This
indicates that most probably non-LTE processes cause
the substantial decrease of the adiabatic index in the ac-
tive regions. The high correlation coefficient of the linear
regression of 0.69 shows the relation between the ioniza-
tion and these non-LTE processes. This is a promising
clue the observed γ decrease might be caused by sudden
ionization of the chemical elements due to high mass
influxes and temperature spikes. In other words, a ki-
netic approach of eruptive events in the solar atmosphere
should be the next step towards the explanation of the
observed polytropic index decrease in the coronal loops.
Finally it is worth noting the only observation by

Wang et al. (2015) denoted by ApJL 811:L13 (2015) in
Fig. 4 matching with its corresponding theoretically cal-
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ApJ 868:149 (2018)
ApJL 811:L13 (2015)
ApJL 727:L32 (2011)
Ap 62:69 (2019)
Linear regression:
 slope = 0.0423
 intercept = 1.5972
 corr. coef. = 0.6918

Figure 4. Correlation of the polytropic index γ obtained

from coronal loops spectroscopic observations and calculated

from the Saha equation and the Jacobian. The abbreviations

of the papers denote: ApJL 727:L32 (2011) for Doorsselaere

et al. (2011), ApJL 811:L13 (2015) for Wang et al. (2015),

ApJ 868:149 (2018) for Prasad et al. (2018), Ap 62:69 (2019)

for Vashalomidze et al. (2019). The correlation coefficient

of 0.69 means good agreement, however the slope of 0.043

points that non-LTE processes are involved in the adiabatic

index decrease in the active regions.

culated one γ = 1.666 . . . . For such a hot solar plasma it
is possible full ionization to be in place, i.e. all electrons
are free and this is exactly the case of an ideal gas with
no chemical reactions occurring, at these temperatures
the recombination processes are highly unlikely. This
strengthens the above stated proposition for a kinetic
study of non-LTE ionization processes in solar eruptive
events and active regions.
The data behind the figures presented in this study

can be found at 10.5281/zenodo.10401574.

5. CONCLUSIONS

This theoretical study unambiguously shows that the
quiet solar atmosphere is in LTE. The very high agree-
ment between the electron density ne obtained from
the semi-empirical non-LTE model by Avrett & Loeser
(2008) and from the Saha equation calculation is quite
astonishing in the field of astrophysics. The tremendous
systematic research of the quiet Sun from Vernazza et al.
(1981) to Avrett & Loeser (2008) has resulted in LTE
solar atmospheric height profiles without implying any
equilibrium conditions. The Saha equation Eq. (1) suc-
cessfully repeats this profile meaning it can be safely
used in both MHD and kinetic numerical calculations
of quiet solar and stellar atmospheres where heavy ele-
ments Z should be included. The described here solution
can be easily incorporated in any numerical source code
and takes several machine seconds time for a contempo-
rary personal computer without any parallelization.

https://doi.org/10.5281/zenodo.10401574
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Alongside the ionization-recombination in LTE, a new
equation for the calculation of the polytropic index
Eq. (9) via Jacobian Eq. (8) of thermodynamic partial
derivatives of the entropy w and pressure p with respect
to density ρ and temperature T has been derived. To-
gether with the Saha equation, it allows numerically to
calculate the polytropic index γ of an arbitrary chemi-
cal cocktail where equilibrium ionization-recombination
processes occur. Applied to the quiet Sun height profile
of Avrett & Loeser (2008) it is shown that 1.1 < γ ≤ 5/3
Fig. 3. This is a new result needing observational veri-
fication at least after the solar TR.
Observations of slow MHD propagating waves in coro-

nal loops of solar active regions by Doorsselaere et al.
(2011); Wang et al. (2015); Prasad et al. (2018); Vashalo-
midze et al. (2019) confidently show that 1.04 ≤ γ ≤
1.66 with a single exception from Vashalomidze et al.
(2019). Using the determined from the observations
nρ and T , γ for each observational measurement has
been theoretically calculated. The comparison between
measured from observation and theoretically calculated
polytropic indices shows that the LTE calculation ac-
counts for very small decrease of γ Fig. 4. On other
hand, there is significant correlation meaning that in-
deed ionization could be causing this decrease, albeit in
non-LTE. The only match between observed and cal-
culated polytropic index occurs at very high tempera-
ture close to 10 MK. A plausible explanation of this
match is the almost full ionization of the whole chemical
cocktail leading to γ ≈ 5/3. The conclusion of Prasad
et al. (2018) that higher γ corresponds to higher tem-
peratures is fully consistent with our results. Despite
non-accounting for the decrease of γ in active regions,
our study reveals what might probably be the cause of
this: sudden ionization processes. Their non-LTE ki-
netic treatment which is beyond the scope of this study
should be put next on the agenda of the polytropic index
in the solar corona problem.
To summarize, at fixed temperature the electron den-

sity determines the equilibrium concentrations of the dif-
ferent ion states of the elements. The high correlation
between the calculated and the observed electron den-
sities show that within acceptable accuracy the Saha
equation describes the ion height distribution. And in
this way regardless of the heating mechanism, LTE is an
acceptable initial approximation for further analysis of
the processes in the solar atmosphere.
The described approach for determination of the vari-

ations of the adiabatic polytropic index as a result from
the chemical ionization-recombination processes via the
Saha equation is applicable to various astrophysical,
physical and chemical processes taking place in LTE
or near-LTE. Such processes take place in stellar atmo-
spheres of slowly rotating low activity stars, molecular
clouds, star forming regions, for instance. As more (or
less) chemical elements can be used in a calculation,
so additional energy levels, activation, mixing, vapor-

ization, chemical bond, molecular vibrational and rota-
tional energies can be added, depending on the com-
position, mass density and temperature of the chemical
cocktail. However, it should be noted that with increase
of the chemical elements and their respective energy lev-
els, the calculation quickly becomes quite complex and
time consuming even for a high-performance computers
and therefore we advise that a reasonable evaluation and
analysis of the dominant elements and energy levels to
be made beforehand. Similar analysis has been done in
Sec. B illustrating each chemical element contribution
allowing to further fine tune the calculation if necessary.
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APPENDIX

A. DERIVATION OF THE EQUATION FOR THE POLYTROPIC INDEX

This section is devoted to the derivation of Eq. (9). Since the focus of the manuscript is the theoretical approach for
explanation of measurements obtained from astrophysical observations, the thermodynamic derivation comes second
in this appendix section. If necessary, it can easily be moved to a main section or completely removed.
Originally the authors derived Eq. (9) by working on a numerical method for solution of the MHD equations for

the density ρ and temperature T height profiles of the solar chromosphere but here a “more physical” thermodynamic
proof is presented. A transition from hydrodynamic to thermodynamic notions for constant mass of the fluid particle

w =
W

M
, s =

S

M
, Cv =

Cv

M
, p = P, ρ =

M

V
, dρ = −M

V 2
dV. (A1)

leads that Jacobian Eq. (8) can be represented as

J =
∂(w, p)

∂(T, ρ)
=

1

ρ2
∂(W,P )

∂(T, V )
=

1

ρ2

[(
∂W

∂V

)
T

(
∂P

∂T

)
V

−
(
∂W

∂T

)
V

(
∂P

∂V

)
T

]
. (A2)

Substituting here the thermodynamic relation or the enthalpy W partial derivatives (Landau & Lifshitz 1980,
Eqs. (16.7) and (16.8)) (

∂W

∂V

)
T

= T

(
∂P

∂T

)
V

+ V

(
∂P

∂V

)
T

,

(
∂W

∂T

)
V

= Cv + V

(
∂P

∂T

)
V

(A3)

we obtain

J =
1

ρ2

[
T

(
∂P

∂T

)2

V

− Cv

(
∂P

∂V

)
T

]
. (A4)

Another substitution for the partial derivative of the pressure P with respect to V for constant T (Landau & Lifshitz
1980, Eq. (16.16)) (

∂P

∂V

)
T

=

(
∂P

∂V

)
S

+
T

Cv

(
∂P

∂T

)2

V

(A5)

leads to

J = −Cv

ρ2

(
∂P

∂V

)
S

. (A6)

The denominator of Eq. (9) in thermodynamic notions is(
∂w

∂T

)
ρ

− 1

ρ

(
∂p

∂T

)
ρ

=
1

M

[(
∂W

∂T

)
V

− V

(
∂P

∂T

)
V

]
=

Cv

M
, (A7)

where the left equation in Eq. (A3) has been used. A substitution of the Jacobian Eq. (A6) and Eq. (A7) in thermo-
dynamic notions in Eq. (9) yields

γ =
ρ

p

[
−M

ρ2

(
∂P

∂V

)
S

]
=

ρ

p

(
∂p

∂ρ

)
s

(A8)

which can be arranged in the much more familiar form of the equation for sound speed c0 of an ideal gas

γ
p

ρ
≡ c20 =

(
∂p

∂ρ

)
s

. (A9)

B. IONIZATION CONTRIBUTIONS OF ALL ELEMENTS IN THE QUIET SOLAR ATMOSPHERE

The contribution of each chemical element in the plasma cocktail to its ionization is next described more thoroughly.
In Fig. 1 below the ionization contribution of selected chemical elements is shown only due to clarity considerations.
Following the same axes and notions and height profile by Avrett & Loeser (2008) in Fig. 5 the ionization contribution
of all used in the calculation elements is shown in 3 separate vertically placed panels. One can see that in chromosphere
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between 100 km and 1000 km the contribution of Mg, Si and Fe dominates over the hydrogen. Outside of this interval
one can consider the solar chromosphere as a cocktail of partially ionized H and neutral He, i.e. r0,He ≈ 1. For
this special compound for sound velocity and the polytropic index the general equations are solved and we have the
analytical result

γ̃H,He = c20/(p/ρ), c20 ≈ 2cp + (1− α)α(cp + ι)2 + a
He
(2− α)cp

2cv + (1− α)α [(cv + ι)2 + cv] + aHe(2− α)cv

p

ρ
, α ≡ r1,H , I ≡ I1,H, ι ≡ I

T
. (B10)

where α is the hydrogen degree of ionization with ionization potential I. Let us mention that for partial ionization
at low temperatures when (1 − α)αI ≫ T polytropic index γ → 1 as it was initially supposed by Newton. In
conclusion the deep minimum of the height dependence of the polytropic index depicted in Fig. 3 is a consequence
of hydrogen ionization in the upper chromosphere where helium is neutral and contribution of metals in electron
density is negligible. The top panel shows the main contributing elements to the ionization, each one of these is either

101 102 103 104 105
10 6

10 4

10 2

100

H 
He
Mg
Si
Fe

101 102 103 104 105
10 6

10 4

10 2

100

a a
a/

e

C 
S 
O 

101 102 103 104 105

h [km]
10 6

10 4

10 2

100

N 
Ne

Figure 5. Ionization contribution aaνa/Ne see Eq. (2) of all 10 chemical elements in the solar plasma cocktail for the AL08

profile (same as Fig. 1 below). Top: elements with dominant or significant contribution; middle: elements with moderate

contribution; below: elements with negligible contribution. This type of sorting serves to illustrate which chemical elements

may be left out of further research and on which should the focus turn on more closely.

dominant or significant at a certain height from the Sun. Next in the middle panel are the elements that have a little
contribution, each several percent at most. Finally below are the chemical elements with hardly noticeable contribution
to the ionization.
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These results show that N and Ne can be safely excluded from similar future studies. Instead of having low
contributing chemical elements, it is much more reasonable excitation levels of the remaining chemical elements to be
included in the Saha equation Eq. (1) with their energy levels added to the ionization potentials Ii,a.
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